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ABSTRACT

Under the assumption of the gluing orbit property, equivalent
conditions to having zero topological entropy are investigated.
In particular. we show that a dynamical system has the gluing
orbit property and zero topological entropy if and only if it is
minimal and equicontinuous.
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Abstract

This article is a follow up of our recent works [7,8], and here we discuss the relation between the gluing
orbit property and partial hyperbolicity. First we prove that a partially hyperbolic diffeomorphism with two
saddles with different index, and such that the stable manifold of one of these saddles coincides with the
strongly stable leaf does not satisfy the gluing orbit property. In particular, the examples of C!-robustly
transitive diffeomorphisms introduced by Maii€ [20] do not satisfy the gluing orbit property. We also con-
struct some families of partially hyperbolic skew-products satisfying the gluing orbit property and derive
some estimates on their quantitative recurrence.




GLUING-ORBIT PROPERTY, LOCAL STABLE/UNSTABLE
SETS, AND INDUCED DYNAMICS ON HYPERSPACE.

MAYARA ANTUNES, BERNARDO CARVALHO, WELINGTON CORDEIRO, JOSE CUETO

ABSTRACT. We prove that local stable/unstable sets of homeomorphisms of an
infinite compact metric space satisfying the gluing-orbit property always con-
tain compact and perfect subsets of the space. As a consequence, we prove that
if a positively countably expansive homeomorphism satisfies the gluing-orbit
property, then the space is a single periodic orbit. We also prove that there
are homeomorphisms with gluing-orbit such that its induced homeomorphism
on the hyperspace of compact subsets does not have gluing-orbit, contrasting
with the case of the shadowing and specification properties, proving that if
the induced map has gluing-orbit, then the base map has gluing-orbit and is
topologically mixing.
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Abstract

We introduce a gluing orbit property, weaker than specification, for both continuous maps and flows.
We prove that flows with the C ! _robust gluing orbit property are uniformly hyperbolic and that every uni-
formly hyperbolic flow satisfies the gluing orbit property. We also prove a level-1 large deviations principle
and a level-2 large deviations lower bound for semiflows with the gluing orbit property. As a consequence
we establish a level-1 large deviations principle for hyperbolic flows and every continuous observable, and
also a level-2 large deviations lower bound. Finally, since many non-uniformly hyperbolic flows can be
modeled as suspension flows we also provide criteria for such flows to satisfy uniform and non-uniform
versions of the gluing orbit property.
© 2019 Elsevier Inc. All rights reserved.
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2.1. The gluing orbit property
Definition 2.1. We call a sequence
Uzj,m;)tjez+
of ordered pairs in X x Z™ an orbit sequence. A gap for an orbit sequence is a sequence
G = {"J'}J%ZT
of positive integers. For ¢ > 0, we say that (4,%) can be e-traced by z € X if the

following tracing property (illustrated in Fig. 2) holds:
For every 7 € ZT,

d(f9* ), (z;)) <eforeach!=0,1,--- ,m; —

where

s :=0and s; := ; i — 1) for 7 > 2.




Fig. 2. The tracing property.

Definition 2.2. We say that (X, f) has the gluing orbit property, if tfor every € > 0 there

is M = M(g) > 0 such that for any orbit sequence %, there is a gap ¥ € X)s such that

(¢,%¥) can be e-traced.
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Theorem 1.1. A topological dynamical system has both the gluing orbit property and zero

topological entropy if and only if it 1s minimal and equicontinuous, i.e. it is topologically

conjugate to a minimal rotation on a compact abelian group.




with (2)

» (3)

Fig. 1. Conditions in Theorem 1.2.

Theorem 1.2. Let (X, f) be a system with the gluing orbit property. The following are
equivalent:

-
[

has zero topological entropy. @ulf\?f Tneshas S

1s minimal.

(1) = (4)

1§ equicontinuous.
is uniformly rigid.

is uniquely ergodic.

Our proof of the relations between the conditions in Theorem 1.2 is illustrated in
Fig. 1. It is well-known that (3) == (1) and (2)(3) == (5). We have shown in [31]
that (1) == (2) and (5) == (2). We shall prove that (1) = (4) in Section 3.2 and
(4) = (3) in Section 3.3. Finally, we prove that (2) == (1) in Section 4.3.
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1.\ OC

fn—p Is equicontin-

Definition 2.9. We say that (X, f) is equicontinuous if the family {

uous, i.e. for every € > 0, there is 0 > 0 such that for any z,y € X with d(z,y) < 9, we

have

d(f"(x), f"(y)) < € for every n € N.

/Defrinih'on.
We say that (X, f) is minimal if Tran(X, f) = X. Equivalently, there is no nonempty

proper compact invariant subset of X.

Tran(X, f) :=

l\r#i%a Sun



Definition 2.16. We say that (X, f) is uniformly rigid if there is a sequence {ny }7° , such

that

lim DY(f™ . 1d) = 0,

Ii' — O

i.e. f"* — Id uniformly.

Uniform rigidity is closely related to recurrence and almost periodicity.




Lemma 3.2. Suppose that (X, f) is not uniformly rigid. Then there is v > 0 such that

[ - A I

for every p € Tran(X, f) and every m € Z™, there is T = 7(p,m) € N such that

d(f™ (), f7(f™(p)) > -




Lemma 3.2. Suppose that (X, f) is not uniformly rigid. Then there is v > 0 such that

for every p € Tran(X, f) and every m € Z™, there is T = 7(p,m) € N such that

d(f"(p), F*(f™(p)) > -
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Proposition 3.3. Suppose that (X. f) has the gluing orbit property and it is not uniformly
rigid. Then h(f) > 0.

The rest of this subsection is devoted to the proof of Proposition 3.3.

Suppose that (X, f) has the gluing orbit property and it is not uniformly rigid. Let
M := M (e) be the constant in the gluing orbit property (as in Definition 2.2). By Propo-
sition 2.13, (X, f) is topologically transitive and hence Tran(X, f) # (. By Lemma 3.2,
there are p € Tran(X, f),y>0and 0 <e < %" such that for each k=1,2,--- ,2M —1,
there is 7, € N such that

d(f™(p), f™(f*(p)) > 1.

T:=2M +max{7r, : k=1,--- ,2M — 1}.
Note that 17" depends exclusively on p and . Denote

mq =T+ M and mo :=T.

For each £ = {£(k)}52, 2 := {1,2}2", denote

e := {(p: mg(r) + 1) bz




The gluing orbit property ensures that there are z¢ € X and

such that (%¢.%:) is e-traced by ze.
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Lemma 3.4. Let N > 1. If there is n €

zer are (N + 1)(T'+ 2M ), e)-separated.
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Lemma 3.2. Suppose that (X, f) is not uniformly rigid. Then there is v > 0 such that

!

™ n
d(f"(p), f7(f™(p)) > . %)(?3# Wy (Y) ¥weN.







— Cosvallo , Cordeiro (2044 )

Theorem A. If f: X — X is a homeomorphism of an infinite compact metric
space X satisfying the gluing-orbit property, then there is £g > 0 such that for each
g € (0,e9) and each x € X there are compact and perfect sets

C: CW2(x) and D, C W] ' (z).










